The aim of this paper is to show that Jensen's Inequality and an extension of Chebyshev's Inequality complement one another, so that they both can be formulated in a pairing form, including a second inequality, that provides an estimate for the classical one.
INTRODUCTION
The well known fact that the derivative and the integral are inverse each other has a lot of interesting consequences, one of them being the duality between convexity and monotonicity. The purpose of the present paper is to relate on this basis two basic inequalities in Classical Analysis, precisely those due to Jensen and Chebyshev.
Both refer to mean values of integrable functions. Restricting ourselves to the case of finite measure spaces (X, , #), let us recall that the mean value of any #-integrable function f: X can be defined as M(f) #(X) fd#.
A useful remark is that the mean value of an integrable function belongs to any interval that includes its image; see [5] , page 202. In the particular case of an interval [a,b] , endowed with the Lebesgue measure, the two aforementioned inequalities reads as follows:
JENSEN'S INEQUALITY Suppose that f: [ Our goal is to show that Jensen's Inequality and an extension of Chebyshev's Inequality complement one another, so that they both can be formulated in a pairing form, including a second inequality, that provides an estimate for the classical one.
PRELIMINARIES
Before entering the details we shall need some preparation on the smoothness properties of the two type of functions involved: the convex and the nondecreasing ones.
Suppose that I is an interval (with interior Int I) and f: I---. is a convex function. Then f is continuous on lnt I and has finite left and right derivatives at each point of Int L Moreover, Geometrically, the subdifferential gives us the slopes of supporting lines for the graph off.
The well known fact that a differentiable function is convex if (and only if) its derivative is nondecreasing has the following generalization in terms of subdifferential: Sufficiency Let x, y E L x :# y, and let E (0, 1). Then f(x) >_f(( t)x + ty)+
By multiplying the first inequality by 1t, the second by and then adding them side by side, we get
i.e., f is convex.
[] Let us consider now the case of nondecreasing functions. It is well known that each nondecreasing function o:I has at most countably many discontinuities (each of the first kind); less known is that qo admits primitives (also called antiderivatives Proof The first inequality is that of Jensen, for which we give the following simple argument: If M(g) Int/, then f(g(x)) >_f(M(g)) + (g(x) M(g)) qo(M(g)) for all x X and the Jensen's inequality follows by integrating both sides over X. The case where M(g) is an endpoint of I is straightforward because in that case g M(g)# a.e.
The second inequality can be obtained from f(M(g)) >_f(g(x)) + (M(g) g(x)) qo(g(x)) for all x X by integrating both sides over X. To get a feeling of the lower estimate for sin A, just test the case of the triangle with angles A (r/2), B (r/3) and C (r/6)! Our second example concerns the function In and improves on the AM-GM Inequality:
The exponent in the right hand side can be further evaluated via a classical inequality due to Schweitzer [7] (as strengthened by In that case we apply Theorem B to g and h o g-. When both g and h are nondecreasing, we shall consider increasing perturbations of g, e.g., g+ ex for > 0. By the previous case, + ,Oh) < + for each e > 0 and it remains to take the limit as e -0 +. (2)
The first one corresponds to the case where g(x)= sin (I/x) and o(x)=x+cosx, while the second one to g(x)=((sin x)/x) and (x) eX; the fact that the inequalities above are strict is straightforward. In both cases, the integrals involved cannot be computed exactly (i.e., via elementary functions).
Using MAPLE V4, we can estimate the different integrals and obtain that (1) looks like 0.37673 > 0.16179 > 0 while (2) looks like 5.7577 x 10-3 > 2.8917 x 10 -3 > 0.
ANOTHER ESTIMATE OF JENSEN'S INEQUALITY
The following result complements Theorem A and yields a valuable upper estimate of Jensen's Inequality: Another immediate consequence of Theorem C is the following fact, which improves on a special case of a classical inequality due to 
